Review of vector analysis

Vectors

Y
v

In Cartesian coordinate system
a vector can be decomposed into its
components along the x, y, and z axes.

a=ae®, +ae, +a,,

eX y ey ; ez are unit vectors along the x, y, and z axes.

They are perpendicular to each other.




Addition of two vectors

a=ae@, +ae, +a,e,

b=be +be, +b,e,

a+b=(a,+b)e +(a, +b,)e +(a, +b,)e,




Scalar product (Dot product) between two vectors

a=ae@, +ae, +a,e,

b=Dbe, +be, +be,

—

b
Geometrical meaning: /( 3-b =abcoséd a = a = magnitude of a
0 R

\ v ; d a-b=0 ifaandbare perpendicular to each other

7T
bCOSH (QZZ—)COSQZO)

In Cartesian coordinate: |g.|p = axbx + ayby + azbz A dot product is a number (scalar)

because €, -€, =€, -€, =€, -€ =0

X ~z y “z



Cross product (Vector product) between two vectors

e, €, &,
axb=a, a, a,=(ab,—ab)e +(ab —ahb,)e +(ab, —ab,)e,
b, b, b,
axbt 3
Geometrical 6 dxb = absin@ =area of parallelogram
meaning:
9 g
d gx b =0 if & and b are parallel to each other
A cross product is a vector perpendicular to (@=0—sin@=0)
the plane formed by dand b

Note that: | x D




Rule 1:

This rule is not difficult to remember.

(axb)-c=a-(bxc)

The cross (x) and the dot (.) can be interchanged

(axb)-c)
(bxc)-a

> = volume of parallelepiped

(C><a)-6)

The key point is to keep the cyclic order: abc, bca, cab,
whereas acb, bac, cba, will introduce a minus sign.

Note that &x D -C has no meaning or ambiguous.




Rule 2:

(axb)xc=(a-c)b—(b-c)a

axbt q
b
0 plane ab

a

d

Geometric interpretation:

(axDb)xc must lie on plane ab.

The vector in the middle (b) has a positive coefficient

Note that: & X X C has no meaning or ambiguous because

(axﬁ)xc;tkax(ﬁxc))
\ )

\ |
on planeab  on plane bc

ax b must be perpendicular to plane ab formed by & and b.

C can be decomposedas C =C, +C_

/

perpendicular
to plane ab

(a><5)><C=(a><5)><Cl+k(a><5)><C:
\ J

N
on plane ab

J

|

|

0 on plane ab




Scalar and vector fields

A scalar field is a function of position in space. It is a scalar or a number.

For example, a temperature field T(x,y,z) tells us the temperature at point (x,y,z) in space.

A vector field is also a function of position in space but it is a vector, i.e., it has a magnitude and direction.

For example, a wind velocity field on a weather chart: V(X, Y, Z)

&/ Umed Note that both scalar and vector fields
may depend on additional variables such as time:
v(r,t
Stockholm ( ’ )

Malmc’j



Nabla operator (gradient operator)

0 0 O
V = : : It has three components and behaves as a vector.
OX oy 0z

Nabla operator on a scalar field: ¢(r’)

oz

op O¢ O0¢ o o o Gradient of a scalar field
V¢(r):(6x’ 8y’ @Zj:@)(ex_|_@yey+ez is a vector.

It describes the rate of change of the scalar field along the x, y, and z directions.
It provides information about the rate of change of the scalar field in any direction.

The rate of change in an arbitrary direction N is given by

n-V¢(r)=(z(n-ex)+é;5(n-ey)+é;f(n-ez)




Nabla on a vector field: Divergence

oV

oV Divergence is a scalar (number), not a vector.
YA

oX 0oy

oV
Vov(r)="*+ 7+

0z The “dot” is very important.

V'V has no meaning.

Physical meaning: the net flux (field lines) going out of a small volume dV.

v(r) //"
(o)
-

/

(V-v(r))dV =net flux

Net flux is zero if there is no source inside the small volume
(incoming flux = outgoing flux)

Net flux is finite is there is a source inside the small volume.




Front view

v(X) V(X + dx) v(X) V(X +dx)
— > (For example: R
1, d 7 , water flow in a river ‘
: through a volume ]
~ ay > of size dV = dx dy dz) >

dx X X + dX

surface area passed through

net flux = [V(X 4+ dX) —V(X) by the filled lines

_ Vi (X+dx) —v, () dxdydz

\ (ij R S
oV, dv
OX
Considering all directions net flux = 8Vx n 6\/3' + aVz dv =V -V(F) dVv
. OX @y 0z




Nabla cross a vector field: Curl or Rotation

VxF =

e €, §,
o O O
oX oy o0z
F. F, F

{

oF, OF

y4 y

oy oz

The “work” done by the field around a small loop is equal to

the rotation multiplied by the area of the loop.

Work done by the field around a loop of area dA:

(VxF)-dA
\_Y_}

perpendicular to
the loop plane

VxF




Consider the work done by a vector field Faround a small loop on the x-y plane:

DOOYVIY)  Cierdyydy)  workdonealongAB=  F, (X, y)dx
1 )\ work done along BC=  F (X +dXx, y)dy =F, (X, y)dy + aaiy dxdy
Ay) . Blxtdxy) work done along c0 =— F, (X +dx, y +dy)dx =—F (X, y)dx — oF, dxdy
work done along DA =— F, (X, ¥ + dy)dy =—F,(x,y)dy

(only keep first-order terms in dx and dy)

oF
v _ OF dxdy
oX oYy

work done along the loop= (

z-component of V x F
For an arbitrary loop of area dA, the work done along the loop by the field is given by(V X If) -dA



Laplacian operator on a scalar field

a¢ 0% 0%
8y2 0z°

This is a scalar or a number

(V-V)g(r)=V ¢(l")—

Nabla operating on several quantities

How to calculate V- (@ V) =7

Use chain rule: — (f ) = CT (;g
X X

(6, (5o

split the derivative into two parts:
one acting on f only and another on g only




Let us apply the chain ruleto V - (¢4 V)

Vi(gv)=(V,+V,)-(¢V) Split the derivative (nabla)

=V¢-(¢V)+Vv-(¢V)

_ . ) Nabla on ¢ must be a vector and
B (V¢¢) vt ¢(VV V) nabla on v must be divergence

= (V¢) -V + ¢(V -V) Drop the subscripts ¢ and v



Another example: Vx(axb)=(V_ +V,)x(axb) Split the nabla

=V, x(@xb)+V, x(axb)

Consider V, X (ax 6) —od — 136 Use rule 2: treat nabla as a vector.
each term: Recall that a triple cross product produces a vector on

a plane formed by the vectors in the bracket
and the vector in the middle (a) has a positive sign.

The coefficients a and B must be scalars:

V. ‘b > makes no sense V,-da
o= . L=
5.V,

d - Va - makes no sense because the
nabla should act on a, noton b

V. x(axb)=({o -V, ))a-(vV,-ab

~ ~ ~ Vx(axb)=({b-V+V-b)a-(V-a+a-V)b
V,x(@xb)=(v,-b)a-(a-Vv,)b



Integrals

1) Line integral
2) Surface integral
3) Volume integral

Line integral

s = [dr-F(r)

A

Integrals are scalars or numbers.

FAB = a curve in space from
point A to point B

 The “dot” is very important. Without the dot, the expression makes no sense.

* Aline integral must be defined with respect to a given curve and the direction is important:

IA—)B :_IB—>A

* If F(r)is a force field, the line integral can be thought of as the work done by
the field from point A to point B.



Meaning of line integral

Divide the curve into N small segments
and sum the work done on each segment:

_[dr-lf(r)zZN:dr;-lf(r;)

work done in segment j

As N is increased, the sum approaches the exact integral.



Surface integral

_[d§-|f(r)z_ZN:d§i-lf(r;)

|f( i) The field at F; piercing
' through the surface

A small segment of the surface S and
its contribution to the surface integral is given by

dS, - F () = dS,F (1) cos 6 = dS, F, ()

Divide the surface into small segments dS.

dSi is a vector at position I; on the surface S
with magnitude dS; (area or the small segment)
and normal (perpendicular) to the surface.




Volume integral over a scalar field

[dva(r) =~ > dvig(r)

V (S) =1

A volume V enclosed by a surface S

A small volume segment of size dV; centred at r}

Divide the volume into
N small segments




Stokes formula

fdr-lf(r)zfd§-(Vxlf(r))

C(S) S

Consider a closed loop

- divide into
small segments

surface S

Closed loop C

The surface is
arbitrary, as long as
it encloses the loop C

Recall that the work done by the vector field F around a small loop is
equal to the rotation multiplied by the area of the loop:

dr-F(r)=dS - (VxFE(r))

A

When summing over the small segments,
contributions from the inner paths cancel out.




Surface S enclosing volume V
Gauss formula S

jdé-lf(r)zjdv V-E(r)

S(V) V(S)

, g — 7 - -

— 4+ — _ 1. S50, 1S R
e e
v, Y v,

flux going out of S, = flux going into S,

Recall that divergence of a vector field multiplied by the volume is equal to the flux out of the volume:

dS-F(r)=dV V-F(r)

When sum over the small volume segments, contribution from a surface of two neighbouring volumes cancels out.
— Only outer surface matters (in analogy to Stokes formula, in which only the outer loop matters)




Conservative field

A vector field is called conservative if
the work done by the field from point A to point B is independent of the path.

B

[dr-F(r)=[dr-F(r)

L

N _—
FZ

A

If the field is conservative then the work done around a closed loop is zero
because the work done from A to B is the negative of the work done from B to A.
In other words, going from A to B and then back to A is the same as going from A to A,

i.e., not moving at all so that there is no work done.




A conservative field implies that it can be obtained as a gradient of a scalar field:

F(r)=-Vg(r)
Check that the work done is independent of the path:
B -B
[ dr-F(r)=—[ dr-vg(r)

=-], (dxw+dy¢+dz a¢j

OX oy 0z
- [las
=—[p(B)—g(A)]




A conservative field also implies that |V x F(r) =0

This follows from the mathematical identity |V X (V ¢) =0

It can also be understood from Stokes theorem:

§dr . If(r‘) — jd§ . (V X |i') — (O because the work done around a closed loop is zero
C(S) s(C) for a conservative field.

True for any surface S(C) so that V x F (r) =0



Defining a line or curve in 3D

A line in three-dimensional space can be defined by a parameter A, with value from 0 to 1.

r(4) = (x(4), y(4),z(4))

As A is varied from 0 to 1, the vector position r(A) traces a curve in space.

Alternatively, one can eliminate A and uses one of the coordinates as a parameter.

Examples: r(i) =(4, yh ,0) r(x) = (X, NG ,0) This defines a parabola y = x? in x-y plane.

r(i) =(4,241, /12) r(x) =(X,2x, X2) This defines a curve in 3D with y=2x and z=x?

Differential: dl"(/l) = (dX(/l), dy(ﬂ), dZ(l)) — (d;t "dA’ dA

dx dy dzj(M




Example of conservative field: gravitational field

z
Gravitational potential: ¢(Z) = gz z is the height from earth’s surface
Gravitational
r(1) = (1,0,sin(zA))
Negative signh means the force is
directed downwards, towards
the earth’s surface C o
A 1/2 1
Work done by the field
B B dx d dz
W=[dr-F(r)=-g[di e+ e+ "¢
A JA dA d dA
- dz
=—0 — The work done by a person climbing up the hill from A to B
A dA is then —W = g (the negative of the work done by the field).
_ —g.de =—g Z(l) =—g Since the field is conservative, the work done is also given by

W =—g(B)-o(A)]=—-9



